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An Identity for Simplifying
Certain Generalized Hypergeometric Functions

By Thomas J. Osler

Abstract. In this paper, an identity is proved in which certain generalized hypergeo-
metric functions NPFNQ +N—1 are expressed as a linear combination of N functions
of the PFQ type. Several special cases of this identity are studied. The inverse of
this identity is also given.

1. Introduction and Notation. The generalized hypergeometric function is de-

fined by
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where (a;),, = a;(a; + 1)@, +2): - (a, + n—1). The series converges for all z if
P<Q+1,and for [z| <1if P=Q + 1. The series (1) is in general undefined if any
of the b, ’s are zero or a negative integer. We call z the “argument” of the function,
and the a&’s and b’s are called the “parameters”. To shorten the notation for the left-
hand side of (1) we will sometimes write it as
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Other devices are also used to abbreviate the notation for the generalized hypergeometric
function, and in each case the meaning will be self-evident. The notations used for the
special functions in this paper are those of the standard reference [4].

In [3], Lardner demonstrated relations between certain F, functions and Bessel
functions. An example is [3, (4)]

oF3(1, %, %; 2) = %, (42%) + I,(42%)).

In [1], Carlson demonstrated that Lardner’s relations are special cases of identities in
which a certain ,pF, 0+1 function is written as a linear combination of two pFg func-
tions. An example is [1, (11)]

{{aj}z}]}:—_l
2PF2Q+1[{{bj}2}]'Q=ls 1%
o-p, | 1 o (9
" z] i 2PFQ[”Q

1 ap
Lo
2P0 by

21+Q-—Pz]’

Received December 14, 1973.
AMS (MOS) subject classifications (1970). Primary 33A30; Secondary 30A10.
Key words and phrases. Hypergeometric functions, power series.
Copyngnt © 1975, American Mathematical Society

888



CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTIONS 889

where the notation {a},, stands for the set of N parameters a/N, (@ + 1)/N, (@ + 2)/N,
..., (@+ N-1)/N. The notation {a},, is used throughout this paper. Carlson also
gives “inverse identities” in which a pF, is expressed as a linear combination of two
2pF20 4 functions.

In the next section an identity (5) is derived which expands certain generalized
hypergeometric functions PFNQ+ N—1 as a linear combination of N hypergeometric
‘functions of the type PFQ. The identity (5) is the principal result of this paper. An
identity inverse to (5) is given by (6) in which a pFp is expressed as a linear combina-
tion of NV functions of the 5 pF), No+N—1 tyPe. Carlson’s identities given in [1] for the
generalized hypergeometric functions are the special case of (5) and (6) of this paper in
which N = 2. Carlson also gives identities for the G-functions which are not generalized
here.

In Section 3, special cases of our general identity are examined.

In Section 4, we show that our general identity can be obtained from known
formulas involving Meijer’s G-function. A related unsolved problem is also stated.

2. The Identity and Its Inverse. Before stating and proving our identity and its
inverse, we require the following lemma.

LEMMA. Let

(i) N be a positive integer,

@Ke {0,1,2,...,N—-1},

(iil) w = exp(2ni/N), and

(v) Fo) = Z,,_oF,z", 1zl <R.
Then

& 17t
) 2 Fymeg? ™K =1T’,§0°’ KkFzo®).

m=0

Proof. Substituting (iv) into the right-hand side of (2) we get
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_ N ifn-K=Nm,form=0,1,2,...,
0 otherwise.

Substituting (4) into (3),we get (2) at once, and the lemma is proved.
The following theorem contains the principal results of this paper.

THEOREM. Let
(i) N be a positive integer,
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@Ke{0,1,2,...,N-1}, and
(iii) w = exp(2ni/N).
Then
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where we define bQ+ 1 = 1. Assume also that none of the denominator parameters in
the above hypergeometric functions is zero or a negative integer so that these functions
are defined. If P=Q + 1, then |x| < 1, but if P< Q + 1, then x is unrestricted.

Remark. The yp, F, No+n appearing in the conclusion of the above theorem is
really an  pFy g, This is due to the definition of bgyyq =1, causing the nu-
merator parameter “1” to be cancelled by one of the denominator parameters

(g1 +KIN, (bgyy + K+ 1IN, ..., (g, +K +N-1)N.
Proof. Set
1,(12, o e ,aP
F(z
@) = PFQ(bl,bz,...,bQ z)

in the lemma and get
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But @)ym+x = (aj)K(aj + K)y,m> and from [4, p. 9, (10)] we get
N—1

@wm+x =N @) [1 (@ + K + )N,
k=0

Substituting this result for (a 4)Nm+x and the corresponding product for (b INm +K
into the right-hand side of (7),we get the right-hand side of (7) equal to

KN @) = T -G + K + BN, (1), pNmPNm
HQ“(b Dk = OIIQ“I'IN“((b +K + K)N),, m! NVPE@FD

where we note that (1),,,/m! = 1. Set x = N¥~2€~1)z and we obtain our result (5)
at once.
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To prove the inverse identity (6), first bring the factor multiplying 2’,:';01 on the
right-hand side of (5) over to the left-hand side of (5). Next, sum both sides over K
from O to N — 1 and note that on the right-hand side 21,\{’;01 w~K¥ is equal to N when
k = 0, but vanishes otherwise. Thus (6) is demonstrated and the proof of our theorem
is complete.

Before continuing, we note that Carlson’s relations for the generalized hypergeo-
metric functions in [1] are special cases of our (5) and (6) in which N = 2. The first
of Carlson’s identities (11) is the special case of our (5) in which N = 2 and K =0,
and the second of Carlson’s (11) is the special case of our (5) in which NV = 2 and
K = 1. Carlson’s (10) is the special case of our (6) in which N = 2.

Having stated and proved our general identity (5) and its inverse (6), we proceed
to study special cases in the next section.

3. Special Cases. In the following, P, @, N and K are given specific numerical
values in (5) so that we can observe more clearly the specific forms assumed by the
identity. We assume throughout that the denominator parameters in the hypergeo-
metric functions are never nonpositive integers.

Case 1. Take P=0,Q =0, and K = 0 in (5) and get

1 N-1
N — X .
oFn_1 <1/N, UN, (N - 1)/le > =¥ k;() exp[Nx exp(2nki/N)] .
Case 2. Take P=1,0=0,N=2,K=0and g, = 2z in (5) and get
aa+ (% 1 _ -
2F1( . ¢ )|x2> =110 - )72 + (1 4 )72,
This is a well-known elementary relation [1, p. 101, (5)].
Case 3. Take P=1,0=0,N=2,K=1and a; =2z in (5) and get

2Fl(a + (%:)5,/121 +1 x2> = ?4_}';[(1 —x)"2 (1 + x)-29]

Case 4. Take P=2,0=1,N=2,K=0,a, =2a,a, =2band b, =2cin
(5) and get

7 a,a+(%),b,b+(‘/z)l 2)
4 3( ¢ c+ ()% x

1 2a, 2b 2a, 2b|_ ]
—2[2F1< % lx>+2Fl< e x) .
Case 5. Take P=2,0=1,N=2,K=1,a, =2a,a, =2b, and b, = 2c in

(5) and get

F a+(%)aa+1:b+(%)ab+1x2
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“gim [ (k) o (7))



892 THOMAS J. OSLER
Case 6. Take P=2,0=1,N=3,K=0,a, =3a,a, =3b,and b, = 3cin
(5) and get

F (a, a+ (1/3),a + (2/3),b, b+ (1/3),b + 2/3)|.3 >
6% 5 ¢, c+(1/3), ¢+ (2/3), 1/3,2/3

2
= % > 2F1( 3a§3b|x exp(21rki/3)> .
k=0 ¢

Case 7. Setx =—1,3a =a + (1/3), 3b = 3a and 3¢ = 2a + (2/3) in the pre-
vious example. We can evaluate the three ,F,’s of special argument using [1, pp. 104—
105, (47), (55), (56)] and we obtain

F ((3a +1)/9, Ga + 4)/9, Ba + 7)/9, @, & + (1/3), a + (2/3) | _ )
65 (6a + 2)/9, (6 + 5)/9, (6 + 8)/9, 1/3, 2/3

_ I((6a + 2)/3) { 273%/n
- 3 T(Ga + 4)/6)((GBa + 1)/2)

3= Ba+1)247 cos(ma/2)
F(2/3)F((3a + 1)/3)r'((3a + 2)/3)}

4. Relation with Meijer’s G-Function. Yudell Luke has observed that our inverse
identity (6) can also be obtained from known formulas involving Meijer’s G-function.
We simply outline how this is done, since the derivation given in this paper of our in-
verse identity (6) and the identity (5) makes use only of the very elementary formula
(2) for power series and is in this sense preferable. To obtain (6) by the use of G-
functions, set m = 1 in Eq. (5) of [4, vol. 1, p. 150] and then use Egs. (7) and (12)
of [4, vol. 1, pp. 145 and 146].

As a final remark we state an unsolved problem. Carlson gives identities for the
G-function which resemble our identities (5) and (6) for the hypergeometric function
in the special case N = 2 [1, p. 237, (20) and (21)]. In his identities, Carlson expres-
ses one G-function in terms of two related G-functions, just as we have expressed one
hypergeometric function in terms of N related hypergeometric functions in (5) and
(6). Can one generalize Carlson’s identities so that now one G-function is expressed in
terms of N G-functions? It would seem that such identities should exist, but thus far
they have eluded this author.

5. Acknowledgments. This paper evolved by pursuing a remark made by Professor
Richard Askey of the University of Wisconsin in which he suggested that the author
study his Leibniz rule in [5] after applying Legendre’s duplication formula. After ex-
amining this remark the author discovered that the same results could be obtained with.
greater ease from the lemma in this paper. The author wishes to thank Professor
Yudell Luke of the University of Missouri-Kansas City, for calling the author’s attention
to the work of Carlson and Lardner.

Department of Mathematics
Glassboro State College
Glassboro, New Jersey 08028



CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTIONS 893

1. B. C. CARLSON, “Some extensions of Lardner’s relations between oF3 and Bessel func-
tions,” SIAM J. Math. Anal., v. 1, 1970, pp. 232—242. MR 41 #3819.

2. A. ERDELYI ET AL., Higher Transcendental Functions. Vol. 1, McGraw-Hill, New York,
1953. MR 15, 419.

3. T.J. LARDNER, ‘Relations between 0F3 and Bessel functions,” SIAM Rev., v. 11,
1969, pp. 69—72. MR 42 #2048.

4. Y. L. LUKE, The Special Functions and Their Approximations. Vol. 1, Math. in Sci. and
Engineering, vol. 53, Academic Press, New York, 1969. MR 39 #3039.

5. T. J. OSLER, “A further extension of the Leibniz rule to fractional derivatives and its
relation to Parseval’s formula,” SIAM J. Math. Anal., v. 3, 1972, pp. 1-16. MR 48 #2323a.



